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Abstract—The 7, performance of a class of noisy time-delay
consensus networks with directed interconnection topologies is
considered. For networks with normal Laplacian, we derive a
closed-form expression for the performance measure and study
its functional properties. The scaling properties of the 7{>-norm is
investigated for some families of networks. Finally, the problem
of tuning feedback gains of a network with fixed topology in
order to improve its performance is considered. Our proposed
design method can handle networks with several thousands state
variables.

I. INTRODUCTION

All real-world control systems experience time-delay and
noise when closing the loop using sensory data. The presence
of these undesired factors usually make analysis and design
procedures more challenging [1]. Intractability of analysis and
design problems as well as emergence of fundamental limits
and tradeoffs, as side effects of time-delay, become more
evident in the context of networked systems. It is shown
that H, performance of linear consensus networks deteriorate
by increasing time-delay and is a non-monotone function
of design parameters [2]. Intrinsic tradeoffs emerge between
magnitude of extreme fluctuations, time-delay, statistics of
noise, and network connectivity [3], [4], which reveals that
time-delay is indeed origin of network fragility to certain
systemic events. The goal of this paper is to measure quality of
achieving consensus in presence of time-delay and noise for
networks with directed interconnection topologies, and then
apply our results to design optimal network topologies.

Stability analysis of time-delay linear time-invariant (LTT)
systems is presented in [5], [6]. In [7] and [8], the authors char-
acterize necessary and sufficient conditions for achieving con-
sensus in time-delay consensus network with undirected graph
topologies. Some sufficient conditions for average-consensus
of undirected networks, with possibly constant, time-varying,
uniform and non-uniform time-delay, are investigated in [9].
When there is no time-delay, [10] and [11] provide necessary
and sufficient conditions for achieving consensus in directed
networks.

In [12], delay-Lyapunov equations are used to quantify Ho-
norm of general time-delay LTI systems, where an explicit
expression for the Ho-norm is obtained for systems with
commensurate delays, i.e., time-delays that are all integer
multiples of a basic delay. The Hy-norm of a delay-free
directed consensus network is used as a robustness measure in
[13], where a closed-form expression for Hs-norm is obtained
for networks with normal Laplacian matrices. The authors of
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[14] and [15] evaluate H, performance of delay-free first- and
second-order consensus networks with undirected topologies.
In [16], it is shown that Hy-norm of a time-delay undirected
consensus network can be characterized explicitly in terms
of time-delay and Laplacian eigenvalues and approximated
effciently by another spectral function that can be used to
enhance the network performance via growing, sparsification,
and reweighing procedures. Obtaining closed-form expressions
for performance measures in time-delay networks opens up
new possibilities to reduce computational complexity of design
algorithms [2], [4].

In our first contribution in Section V, we derive a closed-
form expression for Hgo-norm of time-delay consensus net-
works with directed coupling topologies and normal Lapla-
cians. It is shown that the Hs performance measure is an in-
creasing function of the time-delay and it has a non-monotonic
behavior with respect to feedback gains. When there is no
time-delay, it is known that the Hy performance of consensus
networks (with undirected graph) can be improved indefinitely
by increasing the value of feedback gains. This property does
not hold in presence of time-delay. We prove that allowing all-
to-all communication between agents to exchange their state
information with certain feedback gains, that depends on time-
delay, will result in the best achievable Ho performance. Then,
we study scaling properties of the performance measure (as a
function of network size) for some families of networks.

In our second contribution in Section VI, we consider the
problem of improving performance of a time-delay directed
network with fixed topology through adjusting feedback gains.
The design problem can be cast as an optimization problem
that can handle both consensus and average-consensus net-
works. We exploit structural properties of the involving system
matrices in order to reduce computational complexity of the
design problem. To compute the performance measure (i.e., the
cost function) and its gradient, we utilize iterative methods
to solve the corresponding large-scale time-delay Lyapunov
equations [17]. The common approach is to apply Krylov
subspace method along with a pre-conditioner to solve the
resulting time-delay Lyapunov equations [18], where one can
compute Ho-norm of a time-delay LTI system with around one
thousand state variables. The pre-conditioner proposed by [18]
is not applicable to our network design problem. Therefore,
we propose a new pre-conditioner that performs well when the
ratio of time-delay to time-delay margin is sufficiently small.
Our proposed method enables us to compute and optimize
performance of time-delay consensus networks with up to
several thousands states variables.

This paper is an evolved version of [19], that presents
several new results, including materials of Section VI and



simulations, and provides a comprehensive discussion of the
subject.

II. PRELIMINARIES AND DEFINITIONS

RT(R*T) is the set of non-negative (positive) real numbers
and C is the set of complex numbers. A complex number c
is denoted by ¢ = R{c} + I{c}s, where R{c} and I{c}
denote the real and imaginary parts of ¢, respectively. Also, 7
is the imaginary unit, so 72 = —1. Z is a shorthand notation
for the set {1,2,...,n}. Vector e; € R™ is a unit vector
which its i*" entry is equal to one and the rest of its entries
are equal to zero. 1,, is the vector of all ones. For a matrix
M, transpose, conjugate, conjugate transpose, and Moore-
Penrose pseudoinverse are shown by M T M, MY, and M7,
respectively. [M],; indicates the ;" entry of matrix M. I,
is the identity matrix in R™*", and 0,,x,, is the matrix of all
zeros. Centering matrix is defined as M, = I,, — 11,17
Kronecker product of matrix M and matrix N is denoted by
M®N. Vectorization of matrix M is shown by vec(M ), which
is a column vector. Trace of matrix M is denoted by Tr(M).
Matrix M € C™*" is unitary if M M" = MY M = I,,. Matrix
M € C™ ™ is normal if M MY = MM,

Big O notation is shown by O, e.g., f(z) = O(g(z)) means
that there exists some positive real number s and a real
number z( such that for every x greater than or equal to z,
|f(z)] < klg(x)|. A weighed directed graph G is defined by
a tuple (V,E,w). V is the set of nodes, E C 'V x V is the
set of edges and w : V x V — R is a weight function such
that

L. Wi j if (Z,j) cE
w((%])) - {0 otherwise

where w;; is the weight of edge (¢,j) € E. Let k;; to be
the shorthand notation for w((,5)) for all (i,j) € V x V.
For any edge (4,j) € E, node j is its head and node i is
its tail. We assume that nodes do not have self-loops and
there are no parallel edges from one node to another node.
A directed path in graph G is a sequence of distinct nodes of
the graph which are connected to each other by a sequence
of edges [20]. A graph G has a globally reachable node if
there exists a node such that there is a directed path from
any other node of the graph G to that node [21]. A node j is
in the neighborhood of node ¢, if (i, j) € E; therefore, set of
neighbors of node ¢ is defined as N; = {j € V|(4,j) € E}. In-
degree of the node i is di"* = Z;’:l ks, likewise, out-degree
of node 7 is df* = ", ki;. A graph is balanced if and only
if all of its nodes have the same in-degree and out-degree.
Consider a vector d = [d§“!,d$",...,do""|", diag(d) is a
square diagonal matrix such that d’s entries are on its main
diagonal. Adjacency matrix, A € R"™*", of the graph G is
defined by

[A]” = kij for all (’L,j) eV xV. (1)

Laplacian matrix of graph G is defined as L = D — A, where
D = diag(d). Normalized Laplacian matrix of a directed
graph is Ly = DDt — D A. Eigenvalues of Laplacian matrix
of any directed graph have non-negative real parts [20]. The

row sum of Laplacian matrix is equal to zero. Consequently,
L1,, =0 and L has at least one zero eigenvalue. Eigenvalues
of Laplacian matrix are shown by A;’s for all ¢ € 7 and we set
A1 = 0. A directed graph has a globally reachable node if and
only if it has one zero eigenvalue and the rest of its eigenvalues
have positive real parts [22]. For a balanced graph, 1} L = 0.

III. PROBLEM STATEMENT

Let us consider a team of mobile robots who want to
rendezvous at an appointed location but they do not have
any priori knowledge of the gathering time. Therefore, the
robots should reach an agreement on their rendezvous time by
achieving consensus. We assign a scalar state to each robot ¢,
whose value at time ¢ is denoted by x;, which is his belief of
the gathering time. Moreover, in order to achieve consensus,
robots can communicate with each other to share their states.
Robots and their directed communication links are represented
by nodes and edges of a directed communication graph G,
respectively. Direction of the edges represent the direction of
communication links, i.e., for an edge (¢,7) robot i receives
information from robot j. In order to incorporate deficiencies
of communication network, we assume all robots experience
an identical and constant ! time-delay, 7 € R*. Furthermore,
communication noise is modeled by a white Gaussian noise
[26]. Dynamics of rendezvous state of robot ¢, for every ¢ € V,
is given

1‘1(t) = ui(t) + fi(t)a

where u;(t), the control input of robot i, is given by

n
wit) = Y hig (25t = 7) = wilt = 7)),
j=1
in which £;; is the feedback gain that robot ¢ allocates to robot
7 and is discussed in equation (1) as an element of adjacency
matrix. Output of node 7 at time ¢, y;(t), is defined as deviation
of its state from the average, i.e.,

Blt) = () — - " ,(0)
j=1

States of all nodes at time ¢ are represented by vec-
tor x(t) = [z1(t),22(t),...,2,(t)]T. Vector of noise
Et) =[&1(t),&(t), ..., & ()]T is a Gaussian white noise
process with zero mean and identity covariance, i.e.,
E[(t1),£&(t2)] = L,6(t; — t2), where 0(t) is delta function.
The dynamics of the whole network can be written as

#(t) = —La(t — 1) +£(1),
y(t) = Mpa(t),

t>0,
2

I'This assumption has been widely used by other researchers as it allows
analytical derivations of formulas. For rendezvous in time, it is a common
practice in robotics labs to use identical communication modules for all
agents, which results in a uniform communication time-delay. Moreover, in
other related applications such as heading alignments, rendezvous in space,
and velocity control of agents using a Motion Capture (MoCap) system to
observe their spatial locations in indoor labs [23]-[25] all agents experience
an identical time-delay to access data through MoCap system.



with initial condition

x(t) = {0
o

Matrix L is the Laplacian matrix of the underlying communi-
cation graph G and

if t € [-7,0)

ift=0 ©)

ki +kio + -+ ki if i =7,
(L] {

v —k; otherwise,
Moreover, the output matrix, M,, is the centering matrix. In
our example of rendezvous, we can interpret x( in (3) as the
preferred rendezvous time of the robots.

Assumption 1. The communication graph G has a globally
reachable node.

By the above assumption, 1,, spans the right null space of L.
When there is no noise, under Assumption 1, if time-delay is
less than some certain threshold, then all robots will achieve
consensus. However, in the presence of noise, consensus will
not happen. In order to quantify the quality of consensus,
we employ the Hs-norm of the network as the performance
measure, which is defined as

o0
prn) =8| [Cm(yomue)al, @
t=0

For network (2), equation (4) measures the dispersion of the
states of the robots from the average. In other words, it
measures the total amount of disagreement among the robots.
As the disagreement increases, the Ha-norm increases. In
this paper, we seek a closed-form expression for the Hs-
norm of the network (2) when the Laplacian matrix of the
communication graph G is normal. Our expression can be
applied to not only undirected communication topologies [16]
but also a class of directed ones. Moreover, we suggest an
efficient method for computing the Hs-norm of network (2)
and its gradient in order to optimize the performance by
allocating optimal edge weights to the graph G.

Remark 1. Let v to span the left null space of Laplacian
matrix. It can be shown that in the absence of noise, the value
of consensus is VVTIIO,L' It is worth mentioning that in section VI,
we use the notion of average-consensus. Similar to consensus,
in average-consensus all robots want to reach an agreement

on their states. However, the value of average-consensus, as

its name suggest, is 1,20 _ w1(0)+w2(0)+...+zﬂ(0).
n n

IV. STABILITY AND CONVERGENCE RESULTS

To have a meaningful discussion on the performance of
reaching consensus, the network has to be stable since oth-
erwise, the Ho-norm will be unbounded. However, in system
(2), the system matrix, —L, has one zero eigenvalue and as
a result it has a marginally stable mode. In the following, we
show that how we can transform the system in order to remove
the marginally stable mode.

Lemma 1. Transfer matrix of system (2) is the same as
transfer matrix of the following stable modified system

T

. - 1,v
B(t) = —Lat — L — =22 e(), t=>0,
B1) = ~La(t =) + (L = )0, 120, o
y(t) = Mp2(t),
with initial condition
A 0 forte|—T1,0
i ={" . 0 g
Ty — uTlnln fort=20

where vector v spans lgft null space of Laplacian matrix L.
Also, L = L + agi¥— and og is a positive constant that
later on we will decide on its value through a speqléﬁcation.

vT1,,
Moreover, the new state variable is &(t) = z(t) — Zri®1n.

Proof. Since v spans left null space of L, in the ab-
sence of noise, vTa(t) = 0. Therefore, vTx(t) is

an invariant quantity and vTxy = vTz(t). Hence,
T
equivalently 2(t) = (I, — 2#%—)z(t). Moreover, because
M, (I, — %) = M,,, we get
y = M,z(t) = M,x(t). (7
Transfer matrix of (2) and (5) are
Gr(s) =M, (s +e *TL)7!,
CerFy_ 1,07 ®)
G (s) =Ma(sT + e E) ™ (I = 35-),

respectively. The Jordan normal form of matrices L and L are
given by
L =P diag([0, Ja, ..., J,))P~t = PJ, P,
L =P diag([aa, Jo, ..., Jp))P~t = PJ; P,
where diag([0, Jo,...,Jp]) is a block diagonal matrix such
that 0, Jo, ..., J, are its main diagonal blocks, moreover;

diag([ag, J2, . .., Jp]) is similarly defined.
Also, it can be shown that

©))

1,07 . 1 -1
):Pd1ag([0,1,...,1])P_ — PA;P~Y, (10)

I, —
( vT1

where Ar = diag([0,1,...
into (8) we obtain
Gr(s) =M, P(sI, +e T J,)" P71,
Gi(s) =M,P(sl, +e *7J;) *Ar Pt

,1]). By substituting (9) and (10)

Y

Note that
(sIn +e~*7Jp) "t =diag([s~, Jy 1, ..., ;1))

(sIn + efSTJL)fl = diag([(s + efSTad)fl, f;l, R f;l ),

(12)

where ji_l = (sl +e°7J;) 7! for i € {2,3,...,p} and
n(i) is the dimension of the Jordan block J;. By substituting
(12) into (11) we get
Gr(s) =M, P diag([0, J5 ", ..
G (s) =M, P diag([0, J; ', .

5 dp

cdp



Proposition 1. The input matrix of the modified system (5) is
real-valued .

Proof. We prove this proposition by contradiction. Suppose
that v is not a real vector. Then we can rewrite it as v =
V1 + o), where v and 1, are real and independent vectors.
Besides, we have

vIL=vIL+viLy=0. (13)

Therefore, both real and imaginary parts of (13) should be
equal to zero. Consequently, the left null space of —L is equal
to the span of v; and vs. It is a contradiction since we have
assumed that rank of L is n — 1. As a result, v is a real vector
and input matrix is a real matrix as well. O

In the absence of noise, network (5) is asymptotically stable
if and only if all eigenvalues of L have positive real parts, i.e.,
foralli € Z, R{\;} > 0, and 7 is less than time-delay margin
7*, ie., 7 € [0,7%) [27], where the time-delay margin is

. 1 (RN
T —mi1n<)\i|ar081n( |A7l‘ )>

Since all eigenvalues of L are the same as those of L except
the first one, we replace the zero eigenvalue of L with ag.
To preserve the properties of the original network we should

have
1
7% < | — arcsin (8‘%(04@) ,
|aal |adl

or equivalently

(14)

7

0<ag < .

Ad = 27*

Remark 2. In the absence of noise , if T < 7" then network
(2) achieve consensus asymptotically although it is marginally
stable.

V. H2-NORM EVALUATION

We start by defining Ho-norm of time-delay network (5) and
then we restrict our attention to the case where L is a normal
matrix and derive a closed-form expression for the Ho-norm.

A. Ho-Norm of LTI Time-Delay Network

The definition of the #{2-norm for the time-delay network is
the same as delay-free network. Let G; be the transfer matrix
of the system (5), which is equal to the transfer matrix of
original system (2), GG, then by Parceval’s theorem, we can
rewrite (4) in frequency domain as

1 (o)
%/ Tr (GL(jw)HGL(]w)>dw. (15)
To find an expression for the Hy-norm, in the presence of

time-delay, we need to introduce fundamental solution, delay-
Lyapunov matrix, and delay-Lyapunov equations.

Definition 1 ([28]). The fundamental solution of the
system (5), K(t), is the inverse Laplace transform of

(sIn + Le‘”)_l, ie, LIK] = (sIn + ie_”)_l, and satis-
fies the equation

d .
—K(t)=—-LK(t—71), (16)
dt

for t > 0, and the initial conditions

K0)=1,and K(t)=0 for t<O. (17

It can be shown that the fundamental solution satisfies the
following relation, with the same initial condition as (17)

d ~
ZK(t) = —K(t-7)L,

for ¢ > 0. Furthermore, since system (5) is exponentially
stable, it can be shown that K () — 0 exponentially.

(18)

Definition 2 ([28]). The time-delay Lyapunov matrix of the
system (5) is defined as

U(t) := /OO KT (s)M,} M, K (s + t)ds. (19)
s=0

Since K(t) = 0 for t < 0 and K () — 0 exponentially as
t — 400, U(t) is well defined.

Furthermore, analogous to the delay-free case we exploit
Lyapunov equation to compute Hs-norm [28]. Time-delay
Lyapunov equations are

for t € [—7,7]

for ¢ € [0, T].

Theorem 1 ([12]). The Ho-norm squared of asymptotically
stable network (5) is

1,07 T 1,07
Tr ((In — uTln) U(0) (In — VT1H>>' (20)

Therefore, we need an explicit expression for U(0) to compute
Ho-norm. Let us define matrix B as

B:=M + NeA7. (21)
where
0 —LT®I
A = - "
{In ® LT 0 } ’
- - (22)
M| 0 “LT®L] N_[-Tn®L 0
I, 0 ’ 0 —I|"

It can be shown that for invertible B, matrix U(0) can be
found by [29]

vecU(0) = [L,2 0,2] B! [ vee Mn] (23)
0n2 x1
Therefore, by substituting U(0) from (23) into equation (20),

we can calculate the value of the H3-norm squared [29], [30].



B. Ha-norm of Time-delay Network with Normal Laplacian

Normal modified Laplacian matrix L can be written as
L = QA;Q", where Q is a unitary matrix and A; is the
diagonal matrix of eigenvalues. In this section, we provide
a closed-form expression for the Hs-norm of (2), whenever
its modified Laplacian matrix is a normal matrix. It can be
shown that if the graph Laplacian matrix, L, is Normal, then
the modified Laplacian matrix, I:, is also normal. Lemma 4
of [13] states that a graph G with globally reachable node and
normal Laplacian matrix is balanced.

Theorem 2. For system (2) with corresponding normal Lapla-
cian matrix, the Ho-norm squared is represented in terms of
time-delay and Laplacian matrix eigenvalues as

cos (7|Ai)
5 E : . (24)
2 —a %{)\1} — ‘)\z| Sin (7—|>\2|)

Proof. First, we construct A for our system. Since Lisa
normal matrix and L = QA;Q", we have

Fel=Qel;en)Q "), o
Lol =(QeQ) I, ®Ar)Q" Q")
Set matrix Q and matrix {2 to be as follows
Q_ [Q@Q Onzxn_z} 0— |:0n2><n2 —A; @1,
Opewnz Q®Q LiwA; g
Therefore, we can rewrite matrix A as
A = 000", (26)

Because matrix () is a unitary matrix, it can be shown that Q
is unitary as well. Also, we have

L = (Q®Q),»(Q" 2 Q")
It follows that

M = QAMQY, N = QANQH, 27
where Ay and Ay are
. 05,2 xn2 —A%@In _ 7I®AI*I 0
Am= 1,2 Opn2xn2 An= 0n2xn2  —Ip2|°

To construct B, we need to compute e first, since Q is

invertible and unitary, i.e., Q%Q = I,,,>, we get
AT = Qe ol (28)

By substituting (27) and (28) into (21) we have

—1
(M + NeAT)~1 = Q(AM i ANeQT) ol

As a result, we get the following equivalent expression for
equation (23)

vecU(0) = [I,2  0,2] Q(Am + Ane?7)~10H [* s Mn] . (29)
Let us compute €™ explicitly. For the scalar function f and
a general matrix M € C™*", f(M) has the same dimension
as matrix M. Consider a diagonalizable matrix M such that

M = PYP~! = P diag([o1, 09,...,0,]) P},

then f(M) is as follows
f(M)=Pf(2)P~'=Pdiag([f(o1),..., f(on)])P~".

See [31] for more details about functions of matrices. We infer
that M and f(M) have the same eigenvectors. Moreover, we
have

(30)

QZ 2 QS3
eQT:IQn2+QT+T'T+TT+....

It can be shown by induction that the even and odd powers of
matrix {2 for k£ € N are given by

3D

Ak ®A]§ 0,252
2k _ (_ 1)k L I _n?xn
=1 { Oprsns A @Ag]
0 o] G?
92k71 _ (—l)k B n2xn?2 I & i .
—Aliil ®A]]§ 0p2xn2

By (30), (31) and (32) we obtain
((/_\i ®A;)7),

—
-
I
Q
O
17}

It follows that

(AM + ANQQT
(AM + ANQQ‘r

(AM + ANe
(AM + ANe

)11

)21

)12

Anm +AN€ )22

Where (Am + Ane?7);; for i, j € {1,2} are given by
—(Iy ® Ap) (e

M)1p =—(AY @ L)—(I, ® Ap)(€"ha
An + AN )or = Lz — (€97)gy

Am + AN€QT)22 ( )22

Am + ANGQT)H =

(
(
( (33)
(

lnuT

Since matrix (In — A ) is a real matrix, we get
n

In - 1TLVT : == In - 1"VT H.
vT1,, vT1,,
Recall that by equation (10), we can rewrite (In —
QArQ". By substituting (34) in (20) we obtain

1,07 = 1,07
" ((I -r,) vola- 1))
= Tr (QArQ7U(0)QAr Q™)
—Tr (QATQHU(O)).

(35)

Moreover, for two arbitrary matrices M € C"*" and M €
C™*™ we have

Te(MYEM) = vec(M)H vec(M).
Hence, we obtain the following equivalent expression for (35)

vec(QATQH)T vec(U(0)). (36)



By premultiplying equation (29) by vec(QA7Q*)T we obtain

[vec(QAQ™)™ 0] Q(Am + Ane™) 10" [ "0 Mn}
= VEC(QATQH) (Q ® Q) O] (AM + ANeﬂT)—l
—vec(Ar)"(Q" @ QM) (Q® Q)

[ QH®QT vec M, } _
((

((An + AN6 )L (QF ® Q1) vee(QAn, Q)

= —vec(Ar)T ((Am + Ane™) 1) |, vee(Anr, ).
For matrix P = P Py which consists of 4 blocks, if
Py Py

P55 is non-singular, and the Schur complement of block Pso,
ie., P — P12P2_21P21, is invertible, then the first entry of the
inverse of the block matrix is given by [32]

(P11 = (P

Hence, by substituting from (33) into (37) we get

— PyPy,' Poy) 7t 37

((AM + ANeQT)_l)11 = — (([n ® Aj)cos ((AL ® AE)%T)

Jr[([_\i@]n)*(ln@/\i)/_\% sin((/_\i(g)AL)%T)Ai—%]
(cos((A ®A; )% ))_1[[n27]\

Since A; and A 7 are diagonal matrices, their kronecker
product, i.e., (/_\ i Q@A i) is a diagonal matrix as well, hence
sin((A£®Ai)%7) and cos((fXE@AE)%T) is a diagonal matrix
which its diagonal elements are sine and cosine of the real
numbers, thus we do the computation for all the diagonal
elements of the matrix ((Am + ANem)‘l)11 and then after
multiplying it by vec(A sz, ) from right and by (— vec(Ar)T)
from left we get the equation (24). O

For delay-free case, equation (24) is simplified to
1 z”: 1
2~ R{N}
whichi is reported in [13]. Moreover, for undirected graphs,

Laplacian matrix is symmetric and R{\;} = A; = |\;|. There-
fore, by substituting in (24) we obtain

*Z

which is the expression that is given in [16], [33] for time-
delay undirected networks. In the rest of this section, we study
the behavior of (24) as a function of time-delay.

cos(TA;)
i (1 —sin(T)\;))’

Theorem 3. For network (2) with a normal Laplacian matrix,
the Ho-norm squared is an increasing function of time-delay
forall T < 1.

Proof. By taking derivative of (24) with respect to time-delay
(1) we get the following

1 DA s DA RO
2 4
= (%(A» Al sin<r<|Ai|>>)

(38)

Our system is exponentially stable, therefore the denominator
of equation (38) is positive and for every ¢ € {2,...n} we have

|Ai] sin(7|A;]) < R(N). (39)
Multiplying both sides of the (39) by (— R()\;)) we get
— A RO sin(T|Ai]) > —(R(A))%
Add |)\;|? to the both sides of the equation (40)
Iil? = sin(T|A ) A ROG) > [Nl = (R(A))?,
(R(N\;))? > 0 we obtain
I\i]? = sin(T| )| A] R(ON) >0

Hence, the numerator of (38) is also positive and thus, Theo-
rem 3 follows. O

(40)

since |\;|? —

Theorem 4. If the corresponding Laplacian matrix of network
(2) is normal, then among all communication graphs on n
nodes with normal Laplacian, complete graph reaches the
minimum achievable value of the spectral function (24), which

is equal to
Py~ 1.5319(n — 1)T. (41)

Remark 3. According to our numerical results, we suggest

a conjecture which is as follows: The Hy-norm squared of

asymptotically stable time-delay network (2) is lower-bounded
by that of an asymptotically stable time-delay network with
normal Laplacian matrix and the same eigenvalues, i.e.,

% Z?:Q cos (T\)\7|)

R} —|Ailsin (r|Ai)

Figure 1 illustrates an empirical study. Horizontal axis indi-
cates number of nodes and the vertical axis represents the
square of the ratio of the Ha-norm of the two networks. For
a fixed number of nodes, we collect and depict results of 100
different sample networks. Moreover, in each sample, time-
delay is a random number between zero and the corresponding
time-delay margin. One can observe that 1 is a hard limit for
all these relative performance measures. It is worth mention-
ing, this result is valid for the delay-free average-consenus
networks and is reported in [34].

C. Scaling Properties of Ha-norm for Families of Graphs

In this section, we discuss the Ho-norm of star graphs, com-
plete graphs, cycle graphs, and path graphs. This discussion is
an extension of the case studies reported in [13] for delay-free
case. As we mentioned earlier, if the graph Laplacian matrix,
L, is Normal, then the modified Laplacian matrix, i, is also
normal.

Directed star graph S,,: Imploding star graph on n nodes and
n — 1 edges has a central node such that any other node is
connected to it by an edge. All edges of the graph points
towards the central node. We set edge weights to 1. Then,
Laplacian matrix of star graph is

0 0 0 0
-1 1 0 0
Ls, = | : : 0 0
1 0 10
1 0 0 1
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Fig. 1. Lower bound on the H2-norm of consensus networks

Eigenvalue of Lgs, are {0,1,...,1}. As a result, from (14)
we obtain the corresponding time-delay margin 7* = 7. It
can be shown that Lg_  is not a normal matrix. But if we
choose gy = 1, then the modified Laplacian E,gn is normal.
From (24) we obtain the Hs-norm squared

T) = (n;l) tan (E—s—z).

L
Undirected star graph S,.: Undirected star graph on n nodes
and n — 1 edges consists of a central node that connects to all
other nodes by undirected edges. We set edge weights to %
Then, Laplacian matrix of this graph is

n—1 _1 _1 _1

2 2 2 2

S

Lg =1 : 0 0
1 1

-1 0 10

,i 0 (2] 1

2 2

Eigenvalues of Lz are {0,3,....4,%}. As a result, from
(14) we obtain the correcponding time-delay margin 7*(n) =
=, which is a decreasing function of number of nodes. Since
Lg is symmetric, the H2-norm squared is

1
p(Lg ,7) = (n—2)tan (TZW) + Etan (Tnjﬂ).

Complete graphs IKC,,- Complete graph is an undirected graph
on n nodes that has % edges, such that there is an
undirected edge between any pair of its nodes. We set edge
weights to 1. Laplacian matrix of this graph is equal to
nl, — 1n13. However, we compute the Ho-norm squared
of the normalized Laplacian matrix to make our comparison
reasonable. Normalized Laplacian matrix is

1
I, — ——1,1"
n—1

L, =

n

n—1

Eigenvalues of Ly, are {0, -%5,..., -5 }. As a result, from
(14), we obtain the corresponding the time-delay margin

T"(n) = 14— 1 which is a decreasing function of number of

nodes. Since L, is symmetric and normal, H2-norm squared
is
(n—1)2 . ( LT )
M7 tan z

2n 4 2n-1

Directed cycle graphs C,: Directed cycle graph on n nodes
consists of one cycle with n edges that are oriented in the
same direction. We set edge weights to 1. Laplacian matrix of
this graph is

(LK:n’ )

1 -1 0 0
T
©2 0 1 -1 0
Le,=In=| 4| = : :
e% 0 0 1 -1
! -1 0 0 1
Eigenvalues of L¢, are
Nig1 =145 forie{0,1,....,n—1}.

Therefore, we have . .
R(Ac, i) = 2sin® (ﬂl)v |Ac,.i| = 2sin (ﬂ)
" n

As a result, from (14), we obtain the corresponding time-delay
margin 7*(n) = Which is a decreasing function of

(42)

L
2nsin(% )’

n. Hence, lim 7*(n) = 3. It can be shown that L, is a
n

normal matrl;g> Therefore, by (24) we get

= cos(27 sin(ZL))

1
4 i1 sin(%)(bln( ) — sin (ZTsin(%))).

In order to find an approximation of the Hs-norm squared for
0 < = < m, we define function f(z) as

p(Le,,T) =

flz) = cos(27 sin(z)) .
sin(x) ( sin(z) — sin (27 sin(m)))
Now set
. 1 1
file) = lm f@ =15 )
1 1
fo(x) = lim f(z) = 3— @)
0 T 1 8
h (5) + (5) 1o or 72’ (44)

7(5)=tan(F+7)-

From (43) and (44), we obtain

Japprox. () = 1 j2T (z% (x jw)2 B %> +tan <g + T) (43

where fapprox.() is the approximation of function f(x). Set
x = 7% in equation (45). We get the following approximation
for the Hy-norm squared of the cycle graph

S (G- gy ) @O

where Z?:_ll %2 is a generalized harmonic number. It
is upper bounded by Riemann zeta function of 2, ie.,

-1
n? & 1

2m2(1 — 27) & Z Zt
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Sl E <@ =%

equation (46) is

Consequently, an upper bound for
m2n? n—1 T
+ tan(z +7)—

8
1272(1 — 27) 4 m2 (1 — 27’)>'

Figure 2, illustrates Hs-norm squared of the directed cycle
graph, its approximation and the upper-bound on the approx-
imation.

Undirected cycle graphs C,: Undirected cycle graph on n
nodes consists of one cycle with n edges. We set edge weights
to 3. Laplacian matrix of this graph is

Le, + LY
Lg, = —"5—=, (47)

which is the symmetric part of L¢, . Eigenvalues of L are
2mi "
Air1 =1 —cos (ﬂ) forie {0,1,...,n—1}.
n

As a result, from (14), we obtain the corresponding time-delay

margin
s
E 4
T =y
2 14cos(Z)”

The Ho-norm squared is

n—1
1 tan( 7
p(Léan) = i E

i=1

for even n,
for odd n.

+TSIH2(%))

sin®(Z%)

Directed path graph P, : If we omit one edge from a directed
cycle graph on n nodes, we get a directed path graph on n
nodes that has n—1 edges. We set edge weights to 1. Laplacian
matrix of this graph is

1 -1 0 0
0 1 -1 0
Lp, = : : .. .. :
0 0 1 —1
0 0 0 0

Eigenvalues of Lp, are {0,1,...,1}. As a result, from (14),
we obtain the corresponding time-delay margin 7% = 7. It can
be shown that Lp, is not normal, therefore, we cannot apply
formula (24) to compute Hy-norm squared.
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Fig. 3. Comparison between Ho-norm squared of families of graphs with
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Undirected path graph P,: If we omit directions from a
directed path graph, P,, we get an undirected path graph
P, with n nodes and n — 1 edges. We set edge weights to 5
Laplacian matrix of this graph is

1 1
3 7z O 0
Lp, =1 RV
0 -+ 1 -1
S
Eigenvalues of L are
Ai+1:2sin2(%), forie {0,1,...,n—1}.

As a result, from (14), we obtain the corresponding time-delay

margin, 7%(n) = ﬁ() which is a function of number of

nodes. Since Ly is symmetric, the Ha-norm squared is
T+ sin? (= o L))

1 «— tan(
BRI

In Figure 3, we illustrate the performance of the aforemen-
tioned graphs on 20 nodes with 7 = 5. In delay-free case,
the Ho-norm squared of directed and undirected cycle graphs
are the same. Furthermore, numerical results show that the
‘Ha-norm squared of directed and undirected path graphs are
the same too [13]. However, in presence of time-delay this
result is not valid anymore and undirected cycle and path
graphs have a superior performance with respect to directed
counerparts as we can see in Figure 3. Moreover, directed star
graph out-performs undirected star graph like delay-free case.
Complete graph has the best performance and directed star
graph approaches to it similar to delay-free case [13].

p(Lp, T

VI. DESIGNING TIME-DELAY DIRECTED NETWORKS
WITH FIXED TOPOLOGIES

Let us consider the problem of enhancing the perfor-
mance of a time-delay directed network in achieving average-
consensus. Suppose that the graph topology and time-delay
7 are fixed. Therefore, we can adjust the edge weights in



order to improve the performance. We can cast this problem
as a constrained optimization problem. The objective function
is minimizing p(L, 7). Edge weights (i.e., feedback gains)
are the design parameters and they should be designed such
that: (i) they are non-negative, (ii) the resultaning time-delay
network remains stable, and (iii) network’s graph is balanced
in order to reach average-consensus, i.e., each agent tracks the
average of states of all nodes .

The class of Laplacian matrices that satisfies (iii) includes
symmetric and normal matrices as its proper subset. Although
we impose constraint (iii), we can remove it and relax the
optimization problem when we simply require consensus.
Let us recall equation (23) which is

vecU(0) =[I,2 0,2] B~ [—gec Mn] (48)
n2x1
=[Lz 0.2] (M+NeA7)™! [_OV * JH . (49)
n?x

Therefore, from (20) we obtain

VT Wt
p(L,7) =Tr ((In — igln)(jn _ iTln)TU(O))
VT wvT T
= (vee (L. - %)T(In _ iTTn))) vec U(0).

Let matrix B to be equal to the input matrix, i.e., B = (I,, —

}/%’f ). By substituting (48) in the equation above we get
vec(BBT) ! Ary_1|—vec M
p(L,7) = (M + Ne®™)~ "l (50)
0n2><1 Onz><1

Hence, the optimization problem is as follows and the
first three constraints are taking care of the three design
requirements (i), (ii), and (iii).

minimize  p(L,T)

’wijv(i’j)eE 1 %{)\}

subject to: Vi€ Z:T — arcsin 21 <0
|Ai |Adl

V(i,j) € B:w;; >0

G}
170 =0
L= Z wijei(ei — ej)T.
(4,5)€E

The last constraint highlights role of L as a function of
decision variable in the cost function. We can get rid of the
nonlinear inequality constraints (i.e., the first constraint) by
setting objective function to be equal to infinity whenever non-
linear inequality is violated. We use Interior Point OPTimizer
(IPOPT) solver to solve our optimization problem [35]. As we
use quasi-Newton based methods for low-cost computing (up-
dating) Hessian in each iteration of the optimization process,
one can verify that objective function and gradient evaluations
are the most expensive (time consuming) steps. Herein, we
outline our method for computing objective function and its
gradient efficiently to reduce time-complexity.

A. Objective Function Computation

In order to accelerate computation of objective function as
in equation (50), we employ the structure of matrices in our
formulation. We start with computing matrix exponential 7.
This matrix exponential is computed via scaling and squaring
method, along with Padé approximation, which is the most
widely used method for computing matrix exponential [36].
We briefly introduce the Padé approximants and scaling and
squaring method [37]. For a square matrix M, let us define
Ny o(M) and Dy, ,(M) as

(p+q—7)p
= +a)jlp —J)!

+q—7)q! ;
Pl = 2 (p(i AT )—qj)! S

Np,q(M): Mja

Then, the [p/q| Padé approximants of matrix M is defined by
Rp,q(M) 1= D (M)~ Ny (M)

The accuracy of Padé approximants depend on the subordinate
norm of matrix M. If the subordinate norm of matrix M
is in order of 1, then R, ,(M) approximates e™ with small
error, i.e., Ry ,(M) ~ eM [36]. Scaling and squaring method
suggests dividing matrix M by integral powers of 2 such
that subordinate norm of g—[ is in order of 1. Our numerical
results shows that for A7, s is equal to zero. In other words,
we can skip scaling and squaring step in computing eA7,
ie., R, q(eAT) =~ eA7. Let D and N denote the shorthand
notations for D, ,(A7) and N, ,(A7), respectively. Hence,
the objective function (50) can be written as

vec(BB™

- )]TD(MD+NN)1 [

p(L,7) = { e M"} .

Onzx1
Now, if
2l = [vec(BB™)T 0142 D,

—vec M,
Onz><1 ’

2 —(MD+NN)1[ 42)

then p(L,7) = 21 2.

Let us remark that R; ;, where ¢ = max(p, ¢), has higher
accuracy than R, , at the same cost. Therefore, we exploit R; ;
as Padé approximants [36]. In our implementation, we exploit
[13/13] Padé approximants, i.e., p = ¢ = 13.

In order to compute R, ,(eA7), we should construct matrix D
and N. Define V; and V5 as

Vi =AT[ASTO(B13A%T0 + B At + By APT?)
+B7A TS + B AtTt + B3 AT+ Bily,e],

Vy :=AST0(B1oA0T0 + BroAtT! + BsAPT?)
+06AST® + BaA T + By AT 4 Bolap2,

where ;s are the coefficients of [13/13] Padé approximants
that are as follows



Bi3 = 64764752532480000 f12 = 32382376266240000
Bi1 = TTT1770303897600  Bro = 1187353796428800
By = 129060195264000 Bs = 10559470521600

Bz = 670442572800 Bs = 33522128640

Bs = 1323241920 B4 = 40840800

B3 = 960960 B = 16380

B = 182 By =1.
Hence, we obtain the following equivalent expressions for N
and D N=Vit+Ve, D=Vo-V,

. 2
Define an arbitrary augmented vector u € R?™ as

Uy
U= ,
Uz

where uq, and wuo are in R™ and U, and U, are the cor-
responding matrices in R™*” such that vec(U;) = wu; and
vec(Us) = ug. By (22) for n > 1 we obtain

(53)

My — {— Ve(;(Ugi)} C Nu= {vec(lL;TUl)] ,
A2y —(—1)" ng(g n;;gﬁ:ﬂ , (54)
et [

under the convention that L° = I,,. Therefore, time complexity
of computing Nu and D u is O(n?).
Now we have all the tools that we need in order to com-
pute p(L,7) = 2l 2. We start by computing zo. Recall that
= (MDNN)~L |~ VeeMn
On2x1
trix inverse for finding z, with time complexity O(n®
can think of finding 25 as solving

—vec M,

|: Onzx1 :|

for z5. This equation can be solved by GMRES algorithm
efficiently [38]. GMRES algorithm is an iterative method that
contains only matrix-vector multiplications and as a result,
it is a fast method. According to equations (54), time com-
plexity of finding product of M D +NN and a vector u is
O(n?). However, if matrix M D +N N has a large condition
number, iterative methods (like GMRES) cannot converge fast.
Robustness and convergence rate of iterative methods can be
increased by a suitable preconditioner [39]. A preconditioner
P should be chosen such that P~1wu can be done very fast,
where u is a vector. Since for 7 = 0, M D +NN equals
Bo(M+N), one can employ M 4+ N as a left preconditioner.
When time-delay is zero, M + N is a perfect preconditioner
since the condition number of (M + N)~}(M D +NN) is

. To avoid computing ma-

), one

one. Let T = (I,, ® (—E)T) + (- IT® I,,), then inverse of
M + N is

p-1_ [T TH-LT®1I,)

T=' Lo+ T Y -LT®I,)|"
Consider vector u as (53), then we have
1 T 'uy — T~ vec(Us L)
Pu=1_.7 3 = .
T Uy — T VGC(UQL) — Uz

T
103 | |—e—mn =100
——n = 200

n = 300
—+—n = 400

——n = 800

10* b

Execution time (sec)
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Fig. 4. Execution time (sec) for computing the performance for different
network sizes. We generated a graph with random topology and weights. For
each network size, the graphs are common and only time-delay is varying.

TABLE I
NUMBER OF REQUIRED GMRES ITERATIONS TO FIND THE
PERFORMANCE.
-
" ™ 01]03]051]07]|09
10 9 14 20 28 44
50 9 13 19 29 62
100 8 12 16 24 50
200 8 11 15 22 46
500 7 10 14 19 45
1000 7 9 12 17 37

Therefore, efficient matrix-vector multiplication for P~! de-
pends on the efficiency of matrix-vector multiplication for
matrix 7. Matrix-vector multiplication for matrix 7! can
be done efficiently in O(n?) by solving delay-free Lyapunov
equation. As an example, let vec(X) = T~ 1w, then we have

u; = T vec(X)
= ((In @(-L)+(-L"e In)) vec(X)
= vec(—LTX) + vec(—X L),
which is equivalent to

L™ X + XL+U, =0, (55)

where the above equation is delay-free Lyapunov equation.
Hence, time-complexity of calculating P~tu is O(n3). We
solve Lyapunov equation through MATLAB’s lyap function.
Since in most of the iterations, matrix U; in equation (55) is
not symmetric, MATLAB calls SLICOT subroutines to solve it
as a Sylvester equation. These subroutines, use a Hessenberg-
Schur method to solve the Sylvester equations [40]. In order
to compute zo, we use GMRES algorithm with M + N as
preconditioner.

As a result, time complexity of each iteration of GMRES
involves solving a delay-free Lyapunov equation with time
complexity of O(n3). More details about GMRES algorithm
are provided in [38].

In order to complete the computation of p(L, 7), we should
multiply 25 by 25 in O(n*). However, it can be done more
efficiently if we first multiply D by zo by using (54) in O(n?)



and then multiply [vec(BBT)T 0;,,,2] by D 25 in O(n?).
Table I shows the number of GMRES iterations that is
necessary to find the performance with relative residue 10714,
Our observation is that the number of iterations is independent
of size of the network, i.e., n. However, as the ratio of time-
delay to time-delay margin increases, the number of iterations
increase as well. Figure 4 depicts required time to evaluate
performance of a network with different sizes and different
amounts of time-delay. As one can expect, in the Figure 4
as size of the network increases, solving the delay Lyapunov
equation becomes more time consuming. In addition, cost
of performance computation increases with growth of the
ratio . This observation is compatible with relation between
number of iterations and the ratio % given in table L

B. Gradient Computation

As it was mentioned earlier, another time consuming part in
each iteration of optimization is gradient computation. Here we
compute gradient of the objective function without computing
the directional derivatives. As an example, derivative of the
objective function with respect to weight of edge (,J) is

ALT) {VGC(BBT)] (22 (4N

8wij On2><1 6’(1)1]
oM oD
—D(MD+NN)! D+M 56
ON ON —vec M,
N+N MD+NN)™! "
+8wij + 811)1']')( + ) ] |: On2x1 :|
Let us define 61, 02, 03, d4, and 5 as
0D
(51 = [VGC(BBT)T 01><n2j| 87”22,
52 :ZIT(MD +N N)il awij D 22,
9D
63 =2f (M D +NN)"'M 2, (57)
Bwij
N
6y =21 (MD4+NN)! 0 N 2y,
iJ
8N
65 =21 (MD+NN)"'N
5 Zl ( + ) aw”
Therefore we get the following equivalent relation for (56)
op(L, T
%:51—52—53—64—55. (58)
ij
Furthermore, 2L~ — ( oL )T Derivative of Laplacian matrix
’ Bw,-j 6wij : p

with respect to w;; is

1, ifk=1=4,

oL
{811)'} =4q -1, ifk=1d,l=j,
A 0, otherwise,
Hence, %}LM can be represented compactly as e;(e; — e j)T.
Moreover, T and 2 — are given as
ON 0V, oV
== -, (59)
awij 8’[1}1']' 8wij
0D oV oV:
=+ 2 (60)
6wij 8wij 8wij

where % and % are
w; j w;

7 2i—2
avl _252 17_21 1 ZAj A2z 2— 7
8wiJ " awu

2i—1

AV )
awi —2521 z ZAJ

under the convention that A0 = I5,2. Consider two augmented
2 ~ 2 .
vectors u € R?™ and @ € R?™ as in (53). We have

v OM

(61)

A211]

s u,:[UlTUz]ji — [UFUa)is, (62)
_p ON ~ ~
T D, u, =[U1U0];; — 01U ], (63)
0A ~ ~
't ——u =005 )i — [U1U3 )ij
o [U1Uy Jii — [UrUy Js; 4

At this point we have all the tools that we require to calculate
% as in (58). Let 27 equals z?(MD—I—N N)~!. From
(57) we infer 04, d3, 64 and J5 include 23 The procedure of
finding 23 is similar to what we have already explained for
finding z, in performance calculation. To this end, the follow-

ing equation should be solved for z3 by GMRES algorithm
(MD+NN)Tz5 = 2, (65)

and to speed-up the convergence rate, we take (M +N)7T as a
right preconditioner. Finding product of (MT +NT)~! and a
vector can be done with O(n?) arithmetic operations similar
to product of (M + N)~! and a vector that we explained for
computing performance. Moreover, by the similar technique as
in (54) matrix-vector multiplication for (M D +NN)T needs
O(n?) operations. In other words for a vector u as in (53),
cost of computing MTu, NTu and ATu is O(n3). After
solving equation (65) and finding 27 = 2 (M D +NN)~!
computation of §; and d3 take the form of (64). Similarly,
by (59) and (61), computation of J5 takes the form of (64),
as well. Moreover, computation of d and ¢4 end up with
an equation similar to (62) and (63), respectively. Thus after
computing 2o and z3 the rest of the steps requires O(n?)
operations.

C. Example

We run the optimization problem for randomly generated
graphs with a number of nodes in range of 50 to 200. Figure
5 depicts the ratio of the result of the optimization (solution
of of the problem (51)) to p}, in (41). For each data point
in the figure, an Erd6s-Renyi random graph is considered as
the topology. As the density of the graphs increases, this ratio
decreases, since we have more variables (edge weights) to
adjust through the optimization process.

VII. CONCLUSION

The Ho performance analysis of a class of time-delay
directed consensus networks is considered. When network
Laplacian is normal, we obtain a closed-form expression for
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Fig. 5. Ratio of the optimal network performance provided by solving the
optimization problem (51) to minimum of performance of networks with
normal Laplacian matrix, given by (41). For each data point, an Erd6s-Renyi
random graph G(n, p) is generated, in which p is approximately the density.
We observe that the best achievable performance is improved by increasing
the density.

the Ho-norm, which depends on Laplacian eigenvalues and
time-delay. We show that network performance deteriorates
when time-delay increase and its behavior is non-monotone
in terms of feedback gains. We present a design algorithms
that can tune feedback gains in a network (with a fixed
topology) with several thousands state variable to achieve
optimal performance.
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